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Analysis and Enhancement of Collaborative
Optimization for Multidisciplinary Design
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Collaborative optimization is examined with a focus on its consistency equality constraints and the effect of
their vanishing gradients. Attempts are made to enhance its analytical and computational performance. General
theoretical investigation and specific analytical study show that when system-level variables satisfy the consistency
equality constraints, system-level optimization generally will encounter no-solution and convergence difficulties if
it depends on Lagrange multipliers in the Karush–Kuhn–Tucker necessary conditions. Thus, to avoid such difficul-
ties, algorithms and methods that need no Lagrange multipliers at all are used. Alternatively, to avoid multiplier
troubles in applying the Karush–Kuhn–Tucker conditions, the consistency constraints are replaced by other con-
straints that are not sums of squared differences. Specific computational study shows that enhanced application
of the penalty-function method can yield approximate solutions very close to the solution of the predecomposed
problem. Convergence is obtained with little difficulty when only the least of the freedom allowable by collaborative
optimization is taken in using or producing variants of the targets.

Nomenclature
di = subsystem i discrepancy in using or producing

target values
gi = vector of (inequality) design constraints on

subsystem i
hi = vector of analysis equations in subsystem i
Jsys = system-level objective
s = vector of all shared design variables
si = vector of subsystem i design variables that are also

needed by other subsystems
xi = vector of subsystem i design variables that are used

solely by subsystem i
y = vector of all subsystem outputs, including all zi

yi = vector of outputs from subsystem i
zi = vector of outputs from other subsystems that are

needed by subsystem i as input
∂ηi/∂xi = Jacobian of vector ηi with respect to vector xi

ηi = vector of subsystem i variants of output yi

λi = Lagrange multiplier associated with i th
consistency constraint

µi = vector of Lagrange multipliers associated with
subsystem i design constraints gi

σi = vector of subsystem i variants of shared design
variables si

ζ i = vector of subsystem i variants of input zi

Subscript

∗ = subsystem-level optimum

Superscript

∗ = system-level optimum
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I. Introduction

C OLLABORATIVE optimization1,2 (CO) is a bilevel approach
to multidisciplinary optimization (MDO) that decomposes a

design problem into subproblems along the lines of constituent dis-
ciplines. It tries to preserve autonomy in discipline-specific cal-
culations at the subsystem level while enforcing interdisciplinary
consistency through equality constraints on subsystem-minimized
discrepancies at the system level. The system level passes out to all
subsystems a set of targets for shared design variables and subsystem
outputs. Any subsystem, for example, the i th, is allowed to disagree
on the targets by using or producing different values if its total dis-
crepancy di is minimized as the sole objective. Discrepancy di is
defined, for example, as sum of squared differences (SSD) between
target values and subsystem variants. The system level optimizes
the targets with respect to a system objective subject to the con-
straint that all subsystem-minimized discrepancies di∗ equal zero.
Such a concept of preserving disciplinary autonomy, especially, the
freedom it allows, is very attractive; for instance, in Ref. 3, an entire
long paragraph was devoted to describing its beauty. Moreover, CO
was the only bilevel approach selected for starting the MDO method
evaluation in Refs. 4 and 5 and for comparison with conventional
optimization techniques in a reusable launch-vehicle design study
in Ref. 6, despite many other MDO approaches and variants being
included in a critical review and extensive survey.7,8 Besides be-
ing widely applied (see listing in Ref. 9), the approach has been
expanded, extended, evaluated, or modified by many.3−5,7,10,11

Kodiyalam5 conducted a systematic evaluation of CO and two
other MDO methods but found that CO had failure in five of six test
problems selected from NASA’s MDO Test Suite to converge to a
point satisfying first-order necessary optimality conditions. Among
these five, four were class II problems with engineering contents,
exhibiting some of the salient features of realistic MDO problems.4

Alexandrov and Lewis12 then investigated rigorously the CO for-
mulation. Their careful mathematical analysis and clear numeri-
cal demonstration revealed that some analytical properties of CO
could lead to serious computational difficulties when applying con-
strained optimization algorithms: Vanishing Jacobian of the consis-
tency constraints could cause failure to converge to a solution, etc.
Earlier, Braun et al.13 pointed out convergence was not achieved for
a CO problem due to the line search algorithm in NPSOL. They
resolved the difficulty by modifying the consistency constraints to
inequalities (with no tolerances). Even earlier, Thareja and Haftka14

used inequality discrepancy constraints (also with no tolerances) on
the system level of a CO-like two-level formulation of a structural
design problem with a two-level solution approach. Their limited
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results could be one of the earliest indications of convergence dif-
ficulty with CO. On the other hand, the equality constraints used
in their two-level formulation with single-level solution approach
were different from the consistency constraints used in CO, and their
constraint gradients did not necessarily vanish when those equality
constraints were satisfied. Cormier et al.6 applied CO to a com-
plicated multidisciplinary reusable launch-vehicle design with in-
equality discrepancy constraints. Their convergence rate was fairly
sensitive to the tolerances allowed on the discrepancy constraints,
and they had no success obtaining any kind of results using a “cold”
starting point that was not necessarily an already converged design
configuration. They pointed out an undesirable side effect of allow-
ing tolerances: The errors in the subsystems tended to gather in a
few of the most sensitive of the design variables. Alexandrov and
Lewis12 also applied inequality discrepancy constraints to two sim-
ple CO problems but were not satisfied with the results even though
the tolerances were varied parametrically.

This paper examines the CO approach further, with focus on the
consistency equality constraints and the effect of their vanishing gra-
dients. To enhance the approach, the study attempts to gain greater
insight by using three different kinds of examination: general theo-
retical investigations, specific analytical studies, and specific com-
putational studies. First, in Sec. II the CO formulation is restated.
An anatomy of the consistency constraints is given in Sec. III, with
focus on theoretical aspects of both system and subsystem levels
in the formulation. For gaining specific qualitative insights, analyt-
ical derivation of CO solutions and examination of the associated
postoptimality sensitivity analysis are given in Sec. IV. Computa-
tional studies with three different subsystem-level formulations are
reported in Sec. V, where the penalty-function method is used so
that the investigation can focus on convergence without the instant-
lockup effect of enforcing the consistency equality constraints.

II. Collaborative-Optimization Problem Formulation
Suppose a design problem, for example, of an airplane wing, is

decomposed into multiple disciplinary subsystems, such as aerody-
namics, structures, performance, etc. Divide the design variables of
subsystem i into two exclusive groups: vector si representing global
(shared) design variables that are also needed by other subsystems
and vector xi representing local design variables that are used by
subsystem i only. Denote by vector zi those outputs from other sub-
systems that are needed by subsystem i for input and by vector yi

all outputs from subsystem i . Consider all shared design variables s
and all subsystem outputs y as independent optimization variables
of the system level. Note that y includes all zi . Freeze all system-
level variables (s, y) in each subsystem optimization and treat them
as parameters (or dummy variables) with specific values issued by
the system level as targets.

Individual subsystems often do not have sufficient local design
variables to satisfy their own design constraints and analysis equa-
tions, much less enough for matching the targets passed down from
the system level. The CO formulation is particularly helpful in
such a situation. It permits each subsystem to disagree with other
subsystems on the target values by using or producing local vari-
ants and, thus, enables concurrent, or separate, discipline-specific
calculations.

Denote by vector σi subsystem i variants of shared design vari-
ables si , vector ζ i variants of zi as input, and vector ηi variants of yi

as output. For each given vector of target values, define subsystem
i discrepancy in using or producing them as

di = (σi − si )
T (σi − si ) + (ζ i − zi )

T (ζ i − zi ) + (ηi − yi )
T (ηi − yi )

(1)

CO then requires that each subsystem minimize discrepancy di as
the sole objective while trying to satisfy its design constraints and
analysis equations. The system level, on the other hand, ensures all
minimized discrepancies di∗ vanish while optimizing the choice
of targets (s, y) with respect to system-level objective Jsys. The
two-level CO formulation2 in a general setting is given next. For

subsystem i , given s, y, find σi , ζ i , xi :

minimize di (2a)

the discrepancy objective, subject to

gi (σi , ζ i , xi ,ηi ) ≤ 0 (2b)

with ηi solved from

hi (σi , ζ i , xi ,ηi ) = 0 (2c)

For system level, given d1∗, d2∗ . . . (minimized discrepancies), find
s, y:

minimize Jsys(s, y) (3a)

subject to

di∗(s, y) = 0 all i (3b)

(consistency constraints). Note that of each subsystem i , analysis
outputs ηi are functions of subsystem optimization variables (σi ,
ζ i , xi ) and minimized discrepancies di∗ are functions of targets (si ,
zi , yi ) from the system level. Also note that for targets (s, y) to
be system-level feasible all consistency constraints (3b) must be
satisfied.

III. General Anatomy of Consistency Constraints
The vanishing Jacobian of the consistency constraints could cause

convergence difficulty at the system level.12 The questions are why
and how. Let us examine the system and subsystem levels from gen-
eral theoretical viewpoints. First, differentiating the i th consistency
constraint function di∗ with respect to system-level variables (s, y),
we readily get from Eq. (1)

∂di∗
∂(s, y)

= 2(σi∗ − si )
T

[
∂σi∗

∂(s, y)
− ∂si

∂(s, y)

]
+ 2(ζ i∗ − zi )

T

×
[

∂ζ i∗
∂(s, y)

− ∂zi

∂(s, y)

]
+ 2(ηi∗ − yi )

T

[
∂ηi∗

∂(s, y)
− ∂yi

∂(s, y)

]
(4)

where ∂di∗/∂(s, y) denotes the row vector of sensitivity deriva-
tives of subsystem i minimized discrepancy di∗, with respect to
targets (s, y) as parameters. Its column version is a consistency-
constraint gradient. The consistency-constraint Jacobian is the ma-
trix consisting of ∂di∗/∂(s, y) as the i th row. Similarly, ∂σi∗/∂(s, y),
∂si/∂(s, y), ∂ζ i∗/∂(s, y), etc., are Jacobian matrices representing
sensitivity derivatives of vectors σi∗, si , ζ i∗, . . . , respectively.

Because each di∗ is a SSD, constraints (3b) are satisfied if and only
if all discrepancy terms vanish, that is, σi∗ − si = 0, ζ i∗ − zi = 0,
and ηi∗ − yi = 0. It follows immediately from Eq. (4) that the
consistency-constraint Jacobian necessarily vanishes whenever the
consistency equality constraints are satisfied.12

A. System-Level Consequences of Satisfying Consistency Constraints
Now, what is the impact of vanishing consistency-constraint

gradients on system-level optimization? Let us look into system-
level optimality conditions. The equality-constraint version of the
Karush–Kuhn–Tucker (KKT) first-order necessary conditions are

∂ Jsys

∂(s, y)
+

∑
i

λi
∂di∗

∂(s, y)
= 0 (5)

Because all consistency-constraint gradients vanish whenever tar-
gets (s, y) are system-level feasible, the KKT conditions simply
become ∂ Jsys/∂(s, y) = 0 no matter what values Lagrange multipli-
ers λi have and what system-level objective function Jsys is. Be-
cause objective gradient ∂ Jsys/∂(s, y) does not necessarily vanish at
system-level feasible targets, not even at the optimum solution of
the predecomposed problem (example in Sec. IV.B), the KKT con-
ditions cannot be satisfied at any system-level feasible targets at all.
(See Ref. 12 for more detailed analysis.) Therefore, the system-level
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problem rarely will have a solution satisfying both the consistency
constraints and the KKT conditions.

In other words, Lagrange multipliers are not really computable
when targets (s, y) become system-level feasible and can be arbitrar-
ily large if tried by the KKT conditions (because their multiplicands
are vanishing). This becomes the main source of computational diffi-
culties. NPSOL and all other algorithms that employ such Lagrange
multipliers in their merit functions have serious difficulty in making
decisions about termination, etc., and will likely stop essentially ar-
bitrarily anywhere. (Again, see Ref. 12 for detailed discussions on
unfortunate computational consequences of the inability to charac-
terize solutions via the KKT conditions.)

Let us trace back to an origin of the conditions. It was specifically
stated in Ref. 15 that the KKT conditions were based on the assump-
tion that all constraints had satisfied constraint qualification15(CQ).
For inequality constraints, there are many ways to satisfy CQ
as well as many weakened forms of CQ (e.g., see Refs. 16 and
17). For equality constraints only, the equivalent assumption is
regularity,18 and there are essentially two ways to test for the regu-
larity assumption18: (1) linearity test, where the constraint functions
are all linear in optimization variables (s, y) or (2) normality test,
where their gradients are linearly independent. Note that the normal-
ity test18 on equality constraints corresponds to the nondegeneracy
condition16 on inequality constraints and that the latter is one of
many sufficient conditions16,17 for inequality constraints to satisfy
CQ.

Because the consistency constraints (3b) are nonlinear, linear in-
dependence of the constraint gradients becomes the only test avail-
able. Now because all consistency-constraint gradients vanish at
system-level feasible targets, they definitely cannot be linearly in-
dependent at all and, hence, cannot satisfy the normality test. There-
fore, the KKT conditions are inapplicable at any system-level fea-
sible targets. (Even though one could argue that not satisfying a
sufficient condition, the normality test, might not necessarily mean
failure to satisfy CQ, the failure is confirmed in the study example
when CQ is checked directly by its definition; see the Appendix.)

That the consistency constraints are all equality constraints of
the SSD type is the real cause of the trouble. Because feasible sets
defined by equality constraints only are hollow in general, whereas
those defined by inequality constraints have an interior, equality
constraints naturally are more likely to fail CQ. (Illustrative failure
examples are given in Ref. 18.) Their SSD type simply guarantees
the failure.

On the other hand, the finite-dimensional Fritz John condition
(see Refs. 17 and 18) is applicable without having to satisfy CQ
first. By its equality-constraint version, we readily have Theorem 1.

Theorem 1. There is a nonzero vector of multipliers λ0, λ1, . . . ,
with λ0 ≥ 0 such that

λ0
∂ Jsys

∂(s, y)
+

∑
i

λi
∂di∗

∂(s, y)
= 0 (6)

Fritz John condition (6) is satisfied with λ0 = 0 when targets
(s, y) are system-level feasible, whether or not the objective gradient
vanishes. (Of course, it is also satisfied with λ0 = 1 if the objective
gradient vanishes.) Again, whenever the consistency-constraint gra-
dients vanish, the Lagrange multipliers can take on any values, even
those unrelated to the objective gradient.

This condition is generally useless for computation when λ0 = 0.
If it has any use, it is to suggest minimizing the objective function
Jsys by direct search as follows: Evaluate objective Jsys directly at
those points where its multiplier λ0 must be zero and compare those
objective values to find the smallest as a local optimum. See end of
Sec. IV.C for an illustration.

All of this means that inside the system-level feasible region,
system-level optimization should depend on no multiplier con-
ditions, whether KKT or Fritz John. Alternatively, a plausible
gradient-based approach is to approximate by system-level infeasi-
ble targets, for example, using the penalty-function method. It makes
sense simply because consistency-constraint gradients do not nec-
essarily vanish when the consistency constraints are not satisfied.

B. Subsystem-Level Consequences of Satisfying
Consistency Constraints

What is the impact on subsystem-level optimization if the consis-
tency constraints are satisfied? Let us look at optimality conditions
for subsystem i more closely. Freeze the targets at constant values as
passed down from the system level, take derivatives of discrepancy
objective di with respect to subsystem i input variants and local de-
sign variables (σi , ζ i , xi ), and evaluate the derivatives at subsystem
i optimum solution (σi∗, ζ i∗, xi∗). Then, we get

∂di∗
∂(σi , ζ i , xi )

= 2(σi∗ − si )
T ∂σi∗
∂(σi , ζ i , xi )

+ 2(ζ i∗ − zi )
T ∂ζ i∗
∂(σi , ζ i , xi )

+ 2(ηi∗ − yi )
T ∂ηi∗
∂(σi , ζ i , xi )

(7)

Lemma 1. Gradient ∂di∗/∂(σi , ζ i , xi ) vanishes whenever i th
consistency constraint is satisfied.

Note that the KKT first-order necessary conditions for subsystem
i (KKTi) are

∂di

∂(σi , ζ i , xi )
+µT

i

∂gi

∂(σi , ζ i , xi )
= 0, µT

i gi = 0, µi ≥ 0

(8)

It follows immediately from Lemma 1 that at subsystem optimum
solution (σi∗, ζ i∗, xi∗), KKTi conditions (8) reduce to

µT
i

∂gi∗
∂(σi , ζ i , xi )

= 0, µT
i gi∗ = 0, µi ≥ 0 (9)

whenever the i th consistency constraint is satisfied, where gi∗
denotes subsystem constraints gi evaluated at optimum solution
(σi∗, ζ i∗, xi∗) and ∂gi∗/∂(σi , ζ i , xi ) the corresponding constraint
Jacobian. Now this is just opposite to the system-level mess. If
multipliers µik are not all zero, then gradients ∂gik∗/∂(σi , ζ i , xi ) of
critical (active) design constraints must be linearly dependent by the
first part of conditions (9). If nondegeneracy CQ has been assumed
before applying the KKTi conditions, then the assumption becomes
violated whenever the i th consistency constraint is satisfied.

Theorem 2. Suppose the i th consistency constraint is satisfied.
If gradients ∂gik∗/∂(σi , ζ i , xi ) of critical design constraints are lin-
early independent, then the amputated KKTi conditions (9) requires
that all multipliers be zero: µi = 0.

Proof. Note first that the second and third parts of conditions (9)
imply that µik = 0 if gik∗ < 0. Thus, the first part simplifies to

′∑
k

µik
∂gik∗

∂(σi , ζ i , xi )
= 0

with the summation ranging over all critical constraints, gik∗ = 0.
If all such gradients are linearly independent, then this equation
holds only if all multipliers µik associated with critical constraints
are zero. Therefore, whether the constraints are critical or not, any
associated multiplier µik in conditions (9) must be zero. QED

The vanishing of all multipliers µik is a good indication that dis-
crepancy di has been minimized to zero and that the i th consistency
constraint has been satisfied. However, a possible troublesome im-
plication of Theorem 2 is that, whenever i th consistency constraint is
satisfied, no design constraints can both be critical and have linearly
independent gradients as required by the nondegeneracy condition16

of CQ. Obviously, such an implication is avoided when the penalty
method is used in the system-level optimization because satisfaction
of the consistency constraints is only approximate until a system-
level optimum solution is found.

C. Sufficient Conditions for Satisfying Consistency Constraints
Next is a simple discovery from the preceding anatomic exercise.

It answers the reversed question: When will the i th consistency
constraint be satisfied? Equivalently, what makes all discrepancy
terms (σi∗ − si ), (ζ i∗ − zi ), and (ηi∗ − yi ) vanish? First, what makes
them vanish if gradient ∂di∗/∂(σi , ζ i , xi ) vanishes? Let us write out
gradient ∂di∗/∂(σi , ζ i , xi ) more specifically than in Eq. (7) and in
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the usual column form as follows:(
∂di∗
∂σi

)T

= 2(σi∗ − si ) + 2

(
∂ηi∗
∂σi

)T

(ηi∗ − yi ) (10a)

(
∂di∗
∂ζ i

)T

= 2(ζ i∗ − zi ) + 2

(
∂ηi∗
∂ζ i

)T

(ηi∗ − yi ) (10b)

(
∂di∗
∂xi

)T

= 2

(
∂ηi∗
∂xi

)T

(ηi∗ − yi ) (10c)

It is clear that discrepancy terms (ηi∗ − yi ) will then vanish if and
only if Jacobian ∂ηi∗/∂xi has full row rank, that is, its rows are
linearly independent, and that vanishing of both discrepancy terms
(σi∗ − si ) and (ζ i∗ − zi ) will follow. Next, to assume that gradi-
ent ∂di∗/∂(σi , ζ i , xi ) vanishes is, by KKTi conditions (8), to as-
sume that µT

i ∂gi∗/∂(σi , ζ i , xi ) vanishes. Recall that no gradients
∂gik∗/∂(σi , ζ i , xi ) of critical design constraints should vanish be-
cause of the nondegeneracy condition of CQ. What is left is simply to
assume that no design constraints are critical. Putting this together,
we have already established Theorem 3.

Theorem 3. Given targets (s, y), assume that at subsystem i op-
timum solution (σi∗, ζ i∗, xi∗), Jacobian ∂ηi∗/∂xi has full row rank.
Then, all discrepancy terms (σi∗ − si ), (ζ i∗ − zi ), and (ηi∗ − yi ) van-
ish if no design constraints gik∗ are critical.

Note that if Jacobian ∂ηi∗/∂xi does not have full row rank, satis-
faction of the i th consistency constraint is not guaranteed even when
subsystem i attains its minimum discrepancy.

One way to avoid trouble with multipliers when applying the
KKT conditions is to modify both system and subsystem levels. The
underlying idea is to replace the consistency constraints by other
constraints that are not equalities or SSD. The following slightly
strengthened version of Theorem 3 affords a specific way for doing
that.

Theorem 4. Given targets (s, y), assume that all subsystems min-
imize their discrepancies di with no constraints other than satisfying
their analysis equations. Then, targets (s, y) satisfy all consistency
constraints if each Jacobian ∂ηi/∂xi has full row rank.

The consequences are obvious: 1) Consistency constraints (3b)
are no longer needed; 2) the system level needs to satisfy all design
constraints instead, while optimizing the choice of targets; 3) in-
dividual subsystems perform their discipline-specific analyses plus
their unconstrained discrepancy minimization based on the passed-
down targets (s, y); and 4) all subsystems should specify their design
constraints at the system level with their unconstrained optimum so-
lutions. The modified bilevel optimization is carried out in Sec. IV.D
and results in an additional interesting insight of the CO problem.

D. Postoptimality Sensitivity Derivatives
It is needed for solving the system-level optimization problem by

a gradient-based algorithm to evaluate gradients of the consistency-
constraint functions di∗ (s, y). These are sensitivity gradients of sub-
system optima and in the literature19−21 are often called with prefixes
optimum or postoptimality to distinguish them from the usual gradi-
ents (with respect to design variables, such as xi , etc.) that are needed
during the iterative optimization. An early and most common use
of postoptimality sensitivity gradients is to estimate the cost on the
objective optimum due to small changes in the constraint bounds
(called shadow price in economics) by using Lagrange multipliers
associated with the inequality constraints. Such a multiplier-based
postoptimality sensitivity calculation has been extended and applied
to problem parameters other than constraint bounds in engineer-
ing design.19−21 In CO, such gradients are precisely the sensitivity
derivatives of the optima of subsystem objectives di∗, with respect
to targets (s, y) as the problem parameters of the subsystems; see
Eq. (4). Let us write them out more explicitly:

∂di∗
∂si

= 2(σi∗ − si )
T

[
∂σi∗
∂si

− I

]
+ 2(ζ i∗−zi )

T ∂ζ i∗
∂si

+ 2(ηi∗ − yi )
T ∂ηi∗

∂si
(11a)

∂di∗
∂zi

= 2(σi∗ − si )
T ∂σi∗

∂zi
+ 2(ζ i∗ − zi )

T

[
∂ζ i∗
∂zi

− I

]

+ 2(ηi∗ − yi )
T ∂ηi∗

∂zi
(11b)

∂di∗
∂yi

= 2(σi∗ − si )
T ∂σi∗

∂yi
+ 2(ζ i∗ − zi )

T ∂ζ i∗
∂yi

+ 2(ηi∗ − yi )
T

[
∂ηi∗
∂yi

− I

]
(11c)

where I is an identity matrix of the appropriate dimension. Because
subsystem optimum solutions (σi∗, ζ i∗, xi∗) are usually not avail-
able in closed form, sensitivity derivatives ∂σi∗/∂si , ∂ζ i∗/∂si , etc.,
require calculation of the Lagrange multipliers and second-order
derivatives of the subsystem constraint functions19 and, thus, incur
a relatively significant computational cost.

Braun and Kroo2 posed a new postoptimality sensitivity analysis
(POSA), with a simple formula that did not even need Lagrange
multipliers or second-order derivatives for use with the CO archi-
tecture as a very computationally inexpensive way of providing
analytic gradients of the consistency constraints. It takes full advan-
tage of the SSD nature of the consistency constraints. Specifically,
they proposed that postoptimality sensitivity derivatives of the min-
imized objective di∗ with respect to problem parameters (si , zi , yi )
be calculated simply by2

∂di∗
∂si

= −2(σi∗ − si )
T ,

∂di∗
∂zi

= −2(ζ i∗ − zi )
T , . . . (12)

as if subsystem optimum solutions (σi∗, ζ i∗, xi∗) were independent
of the problem parameters (si , zi , yi ), that is, as if

∂σi∗
∂si

≡ 0, . . . ,
∂ζ i∗
∂zi

≡ 0, . . . (13)

in Eqs. (11a–11c). Their treatment of problem parameters (s, y) is in-
consistent with the general understanding in the literature19,20 when
calculating postoptimality sensitivity derivatives, that is, Eq. (13) are
actually invalid in general. (For specific examples, see Sec. IV.E).
Nonetheless, it is amazing that the ingeniously simple formula (12)
is mostly, though not completely, correct. In Sec. IV.E, we calculate
the sensitivity derivatives of the consistency constraints first by the
standard calculus, that is, using Eq. (11), and then by their POSA
formulas, all based on the same closed-form optimum subsystem
solutions, and then compare them.

IV. Analytical Case Studies
To gain specific qualitative insights of CO, we work out an exam-

ple analytically. After obtaining optimum solutions of all subsys-
tem problems in closed form, we will see specifically the following:
1) No system-level feasible targets can satisfy the KKT conditions.
2) The solution of the predecomposed problem can be approached
only from outside of the system-level feasible regions and can only
be closely approximated. 3) There exist no nonzero multipliers to
satisfy the subsystem KKT conditions when consistency constraints
are satisfied. 4) When both levels are modified to apply the KKT con-
ditions without difficulty with multipliers, the resulting CO problem
has the same solution as the predecomposed problem.

Consider the following simple example as our case study problem.
Find scalars s, x1, x2:

minimize Jsys = y2
1 + 10y2

2 (14a)

subject to

s + x1 ≤ 1 (14b)

−s + x2 ≤ −2 (14c)
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with (y1, y2) solved from

−2y1 + y2 = x1 (14d)

−y1 + 2y2 = x2 (14e)

where inequalities (14b) and (14c) are the design constraints of the
disciplinary subsystems and Eqs. (14d) and (14e) are their coupled
analysis equations. This problem has a unique solution12:

s∗ = 18/11, x∗
1 = −7/11, x∗

2 = −4/11

y∗
1 = 10/33, y∗

2 = −1/33, J ∗
sys = 1/9.9

This example, though symbolically different here, is the “convex
quadratic programming” problem Alexandrov and Lewis12 used to
investigate and demonstrate convergence difficulties with CO. To get
to their problem setting and solutions exactly, simply set a1 = −y1,
a2 = y2, and half the system objective defined by Eq. (14a). In prac-
tical MDO problems, two different disciplines generally have dif-
ferent analysis equations. We switch the sign of a1, that is, from
a1 to −y1, consistently all over so that both subsystem analysis
equations (14d) and (14e) at least do not look so symmetric as they
were originally with both local design variables positively propor-
tional to both subsystem outputs in exactly the same way.

Although it does not represent the large scale of practical MDO
problems nor the complexity in realistic design constraints and anal-
ysis equations, this simple example does represent, at least symbol-
ically, many essential characteristics of the general MDO problems.
For instance, it has sharing of global design variables (through s)
and intercoupling of analysis outputs (through y1 and y2). Kroo and
Manning9 modified it and thus provided a very similar one, but it
then had no interdisciplinary coupling through either output y1 or
output y2.

A. Subsystem-Level Discrepancy-Minimizing Solutions
Because each subsystem has only one local design variable, too

few for satisfying a design constraint and an analysis equation si-
multaneously, the flexibility offered by the CO formulation is useful
here. Just as in Ref. 12, assume that subsystem 1 uses variant σ1

of shared design variable s and produces variant η1 as output y1,
whereas subsystem 2 uses variant σ2 of s and produces variant η2 as
y2. Also assume, as in Ref.12, that subsystem 1 accepts y2 exactly
as passed down from the system level for input and subsystem 2
similarly accepts y1 as is for input. In other words, ζ1 ≡ z1 = y2 and
ζ2 ≡ z2 = y1. In the following, we derive the optimum solutions of
these subsystem problems as functions of targets (s, y1, y2) passed
down from the system level.

Subsystem 1
Minimize d1 = (σ1 − s)2 + (η1 − y1)

2 subject to

σ1 + x1 ≤ 1 (15a)

with η1 solved from

−2η1 + y2 = x1 (15b)

where σ1 and x1 are the optimization variables. Define Lagrangian
F = d1 + µ1g1 where µ1 denotes the Lagrange multiplier associated
with design constraint g1 = σ1 + x1 − 1.

Then the KKT conditions are 1) ∂ F/∂σ1 = 2(σ1 − s) + µ1 = 0
and 2) ∂ F/∂x1 = −(η1 − y1) + µ1 = 0 where ∂η1/∂σ1 = 0 and
∂η1/∂x1 = − 1

2 from analysis equation (15b) were used.
For case 0, µ1 = 0, the KKT conditions imply that σ1 = s

and η1 = y1. From this and analysis equation (15b), we have
x1 = −2y1 + y2. Constraint (15a) then requires

s − 2y1 + y2 − 1 ≤ 0

For case 1, µ1 > 0, constraint (15a) must be critical; hence, x1 =
−σ1 + 1. With analysis equation (15b), we then have σ1 = 2η1 −

y2 + 1. The KKT conditions imply that 2(σ1 − s) = −(η1 − y1).
From the last two equations, we readily obtain

σ1 = (4s + 2y1 − y2 + 1)/5, η1 = (2s + y1 + 2y2 − 2)/5

Finally, condition 2 requires that 0 < η1 − y1, that is,

0 < s − 2y1 + y2 − 1

Given each value of parameters (s, y1, y2), this is a simple
quadratic programming problem in standard form. The preceding is
its optimum solution, provided that parameters (s, y1, y2) allow it to
exist. Combining both cases 0 and 1, subsystem 1 optimum solution
for s −2y1 + y2 ≤ 1 is

σ1∗ = s, η1∗ = y1, x1∗ = −2y1 + y2 (15c)

and for 1 < s − 2y1 + y2 it is

σ1∗ = (4s + 2y1 − y2 + 1)/5, η1∗ = (2s + y1 + 2y2 − 2)/5

x1∗ = 1 − σ1∗ (15d)

Subsystem 2
Minimize d2 = (σ2 − s)2 + (η2 − y2)

2 subject to

−σ2 + x2 ≤ −2 (16a)

with η2 solved from

−y1 + 2η2 = x2 (16b)

The subsystem 2 optimum solution, derived in a similar manner, for
2 ≤ s + y1 −2y2 is given by

σ2∗ = s, η2∗ = y2, x2∗ = −y1 + 2y2 (16c)

and for s + y1 − 2y2 < 2 it is

σ2∗ = (4s − y1 + 2y2 + 2)/5, η2∗ = (2s + 2y1 + y2 − 4)/5

x2∗ = σ2∗ − 2 (16d)

These subsystem results are same as given in Ref. 12 except that
they are now expressed more explicitly. Before proceeding, note that
each subsystem optimum solution has two different closed forms for
two different domains in the target space.

B. System-Level Consequences of Satisfying Consistency Constraints
Using closed-form solutions (15c) and (15d) and (16c) and (16d),

we can express the subsystem-minimized discrepancies specifically
in closed form as follows.

For s − 2y1 + y2 ≤ 1:

d1∗ = 0 (17a)

For 1 < s − 2y1 + y2:

d1∗ = (s − 2y1 + y2 − 1)2/5 (17b)

For 2 ≤ s + y1 − 2y2:

d2∗ = 0 (18a)

For s + y1 − 2y2 < 2:

d2∗ = (s + y1 − 2y2 − 2)2/5 (18b)

From Eqs. (17a) and (17b), consistency constraint 1 is satisfied if
and only if targets (s, y1, y2) are such that s − 2y1 + y2 ≤ 1, and
from Eqs. (18a) and (18b) consistency constraint 2 is satisfied if
and only if the targets are such that 2 ≤ s + y1 − 2y2. It also follows
from Eqs. (17) and (18) that both consistency-constraint gradients
∂d1∗/∂(s, y1, y2) and ∂d2∗/∂(s, y1, y2) vanish whenever both con-
sistency constraints are satisfied.

Let us continue to solve the system-level problem. Minimize

Jsys = y2
1 + 10y2

2 (19a)
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subject to

d1∗ = 0, d2∗ = 0 (19b)

where s, y1, and y2 now are the optimization variables.
Define Lagrangian F = y2

1 + 10y2
2 + λ1d1∗ + λ2d2∗ Then the

KKT conditions are 1) ∂ F/∂s = λ1∂d1∗/∂s + λ2∂d2∗/∂s = 0, 2)
∂ F/∂y1 = 2y1 + λ1∂d1∗/∂y1 + λ2∂d2∗/∂y1 = 0, and 3) ∂ F/∂y2 =
20y2 + λ1∂d1∗/∂y2 + λ2∂d2∗/∂y2 = 0.

For case 00, d1∗ = 0 and d2∗ = 0. Only in both domains for (17a)
and (18a) is satisfying both consistency constraints possible, and
for such a combination, the constraint Jacobian vanishes. The KKT
conditions simplify to y1 = 0 and y2 = 0. Substituting into these do-
main definitions yields a contradiction: s ≤ 1 and 2 ≤ s. Therefore,
no system-level feasible targets can satisfy even the KKT first-order
conditions.

Note that objective gradient ∂ Jsys/∂(s, y1, y2) even fails to vanish
at optimum solution (s∗, y∗

1 , y∗
2 ) of the predecomposed problem.

Specifically,

∂ Jsys

∂s
= 0,

∂ Jsys

∂y1
= 2y∗

1 = 20

33
,

∂ Jsys

∂y2
= 2y∗

2 = − 2

33

Thus, it is expected from the KKT conditions that no optimum
system-level feasible solution exists.

To be system-level feasible, any candidate must be in both do-
mains for (17a) and (18a), a wedge in the s–y1–y2 space; however,
in this region, objective gradient ∂ Jsys/∂(s, y1, y2) fails to vanish
as required by KKT first-order conditions 1–3. Only outside this
region can a consistency-constraint gradient be nonzero so that ob-
jective gradient ∂ Jsys/∂(s, y1, y2) need not vanish, but any resulting
first-order solution is not system-level feasible. Therefore, we may
have to consider the limit of some infeasible first-order solutions
as an approximation. Thus, let us continue with different cases of
constraint violation.

For case 01, d1∗ = 0 and d2∗ �= 0. Condition 1 becomes
∂d2∗/∂s = 2λ2(s + y1 − 2y2 − 2)/5 = 0, which implies λ2 = 0. The
remaining KKT conditions simplify to y1 = 0 and y2 = 0. The do-
main definitions for this combination then require s ≤ 1. Infeasible
first-order solution (s, 0, 0) with s ≤ 1 obviously is too far away
from solution (s∗, y∗

1 , y2∗).
For case 10, d1∗ �= 0 and d2∗ = 0. Condition 1 becomes

∂d1∗/∂s = 2λ1(s − 2y1 + y2 − 1)/5 = 0, which implies λ1 = 0. The
remaining KKT conditions again simplify to y1 = 0 and y2 = 0. The
domain definitions for this combination then require 2 ≤ s. Such an
infeasible first-order solution, (s, 0, 0) with s ≥ 2, also is too far
away from solution (s∗, y∗

1 , y∗
2 ).

For case 11, d1∗ �= 0 and d2∗ �= 0. The KKT conditions be-
come 1) λ1 A + λ2 B = 0, 2) 5y1 − 2λ1 A + λ2 B = 0, and 3) 50y2 +
λ1 A − 2λ2 B = 0, where A = s − 2y1 + y2 − 1 and B = s + y1 −
2y2 − 2.

First, domain definitions for (17b) and (18b) require specifically
that A > 0 and B < 0. Condition 1 in turn requires that both λ1 and
λ2 must be nonzero and have the same sign. Now, combined with
condition 1, conditions 2 and 3 simplify, respectively, to

5y1 − 3λ1 A = 0, 50y2 + 3λ1 A = 0

Together, they require

y2 = −y1/10 (19c)

Upon substitution of Eq. (19c) into A and B, conditions 1 and 2
become

(λ1 + λ2)s − (2.1λ1 − 1.2λ2)y1 − λ1 − 2λ2 = 0

−3λ1s + (5 + 6.3λ1)y1 + 3λ1 = 0

From which

s = [(2.1λ1 − 1.2λ2)y1 + λ1 + 2λ2]/(λ1 + λ2) (19d)

y1 = 3λ1λ2/(9.9λ1λ2 + 5λ1 + 5λ2) (19e)

Finally,

A = 5λ2/(9.9λ1λ2 + 5λ1 + 5λ2),

B = −5λ1/(9.9λ1λ2 + 5λ1 + 5λ2)

The domain definitions then require 9.9λ1 + 5λ1/λ2 + 5 > 0 and
9.9λ2 + 5λ2/λ1 + 5 > 0.

This means that both Lagrange multipliers λ1 and λ2 can be any
positive numbers, or, otherwise, any negative numbers such that
−9.9λ1 < 5λ1/λ2 + 5 and −9.9λ2 < 5λ2/λ1 + 5.

Now, to gain a clearer, more specific insight, suppose λ1 = λ2 = λ.
Then the domain definitions simply require that either λ > 0, or
0 > λ > −10/9.9. In the case of positive λ, observe that

y1 → 10/33 = y∗
1 , y2 → −1/33 = y∗

2

s → 18/11 = s∗, as λ → ∞

that is, the optimum solution of the predecomposed can be closely
approximated by system-level infeasible first-order solutions (19c–
19e) approaching from outside the system-level feasible region by
targets that are totally infeasible, having both d1∗ (s, y1, y2) �= 0 and
d2∗ (s, y1, y2) �= 0.

C. Subsystem-Level Consequences of Satisfying
Consistency Constraints

The gradient of the subsystem 1 design constraint, ∂g1∗/
∂(σ1, x1) = (1, 1), is linearly independent. By Theorem 2, its multi-
plier must be zero: µ1 = 0. Similarly, the gradient of the subsystem 2
design constraint, ∂g2∗/∂(σ2, x2) = (−1, 1), is linearly independent,
and by Theorem 2, its multiplier also must be zero, that is, µ2 = 0.
Thus, when targets (s, y1, y2) are system-level feasible, there exists
no nonzero multiplier µ1 to satisfy the KKT1 conditions and no
nonzero multiplier µ2 to satisfy the KKT2 conditions.

D. Applying Sufficient Conditions for Satisfying
Consistency Constraints

Jacobian ∂ηi/∂xi of each subsystem has full row rank because
∂η1/∂x1 = − 1

2 by Eq. (15b) and ∂η2/∂x2 = 1
2 by Eq. (16b). Theo-

rem 4 then suggests that both subsystems better be unconstrained
instead. After dropping the design constraints, problems (15) and
(16) change as follows.

For subsystem 1, minimize d1 = (σ1 − s)2 + (η1 − y1)
2 with η1

solved from −2η1 + y2 = x1.
For subsystem 2, minimize d2 = (σ2 − s)2 + (η2 − y2)

2 with η2

solved from −y1 + 2η2 = x2. Their unconstrained solutions are read-
ily obtained to be

σ1∗ = s, η1∗ = y1, x1∗ = −2y1 + y2 (20a)

σ2∗ = s, η2∗ = y2, x2∗ = −y1 + 2y2 (20b)

All of the discrepancy terms now vanish and, hence, both consis-
tency constraints are satisfied.

The system-level optimization should now satisfy design con-
straints instead of consistency constraints, whereas the subsystems
should pass up their unconstrained optimum solutions to specify
their design constraints. The modified system-level problem thus is
as follows: minimize

Jsys = y2
1 + 10y2

2

subject to

s − 2y1 + y2 − 1 ≤ 0 (20c)

−s − y1 + 2y2 + 2 ≤ 0 (20d)

Constraints (20c) and (20d) represent the subsystem design con-
straints (15a) and (16a), after unconstrained subsystem solutions
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(20a) and (20b) are substituted in. The system-level solution is read-
ily found to be the same as that of the predecomposed problem:

s∗ = 18/11 = 1.63, y∗
1 = 10/33 = 0.30

y∗
2 = −1/33 = −0.03, J ∗

sys = 1/9.9 = 0.10

This modified system-level problem can be interpreted as the orig-
inal having the consistency equality constraints (19b) replaced by
the domain definitions for (17a) and (18a). Therefore, the preced-
ing derivation is an analytical proof that the original CO problem
after the modification has the same unique solution as the prede-
composed problem. This clarifies that, in this example, CO does
not cause convergence difficulty in iterative computation because
of nonexistence or nonuniqueness of its solution. The difficulty is
rather the general inability of KKT-based analysis and computa-
tion, such as NPSOL and other sequential guadratic programming
algorithms, to deal with SSD-type equality constraints and is not
really unique to CO. It is simply because the gradient of any SSD
equality constraint necessarily vanishes when that very constraint is
satisfied.

Recall that no system-level optimum solution can be found by
applying the KKT conditions as usual. (See case 00 in Sec. IV.B.)
Solving the modified system-level problem also can be interpreted
as an example of applying Fritz John condition (6). Constraints (20c)
and (20d) define those points at which the multiplier λ0 associated
with objective Jsys must be zero (because gradients of d1∗ and d2∗
vanish). Finding the minimum of objective Jsys directly over these
points, that is, solving the modified system-level problem subject
to constraints (20c) and (20d), gives a local optimum, which is also
the global optimum for this problem.

E. Postoptimality Sensitivity Derivatives
Subsystem 1

Sensitivity of the subsystem 1 optimum variants to targets is avail-
able from Eqs. (15c) and (15d).

For s − 2y1 + y2 ≤ 1:

∂σ1∗
∂s

= 1,
∂σ1∗
∂y1

= 0,
∂σ1∗
∂y2

= 0

∂η1∗
∂s

= 0,
∂η1∗
∂y1

= 1,
∂η1∗
∂y2

= 0

For 1 < s − 2y1 + y2:

∂σ1∗
∂s

= 4

5
,

∂σ1∗
∂y1

= 2

5
,

∂σ1∗
∂y2

= −1

5

∂η1∗
∂s

= 2

5
,

∂η1∗
∂y1

= 1

5
,

∂η1∗
∂y2

= 2

5

Recall that ζ1 ≡ z1 = y2.
Sensitivity derivatives of d1∗ (s, y1, y2) to targets calculated

according to Eqs. (11) are all zero for s − 2y1 + y2 ≤ 1. There-
fore, consistency-constraint gradient ∂d1∗/∂(s, y1, y2) vanishes at
all such targets. On the other hand, for 1 < s − 2y1 + y2, sensitivity
derivatives of d1∗(s, y1, y2) to targets also calculated according to
Eqs. (11) are all nonzero:

∂d1∗
∂s

= 2(σ1∗ − s)

[
∂σ1∗
∂s

− 1

]
+ 2(η1∗ − y1)

∂η1∗
∂s

= −2(σ1∗ − s)

5
+ 4(η1∗ − y1)

5
= 2(s − 2y1 + y2 − 1)

5
> 0

(21a)
∂d1∗
∂z1

= ∂d1∗
∂y2

= 2(σ1∗ − s)
∂σ1∗
∂y2

+ 2(η1∗ − y1)
∂η1∗
∂y2

= −2(σ1∗ − s)

5
+ 4(η1∗ − y1)

5
= 2(s − 2y1 + y2 − 1)

5
> 0

(21b)

∂d1∗
∂y1

= 2(σ1∗ − s)
∂σ1∗
∂y1

+ 2(η1∗ − y1)

[
∂η1∗
∂y1

− 1

]

= 4(σ1∗ − s)

5
− 8(η1∗ − y1)

5
= −4(s − 2y1 + y2 − 1)

5
< 0

(21c)

Subsystem 2

Sensitivity of the subsystem 2 optimum variants to targets is avail-
able from Eqs. (16c) and (16d).

For 2 ≤ s + y1 − 2y2:

∂σ2∗
∂s

= 1,
∂σ2∗
∂y1

= 0,
∂σ2∗
∂y2

= 0

∂η2∗
∂s

= 0,
∂η2∗
∂y1

= 0,
∂η2∗
∂y2

= 1

For s + y1 − 2y2 < 2:

∂σ2∗
∂s

= 4

5
,

∂σ2∗
∂y1

= −1

5
,

∂σ2∗
∂y2

= 2

5

∂η2∗
∂s

= 2

5
,

∂η2∗
∂y1

= 2

5
,

∂η2∗
∂y2

= 1

5

Recall ζ2 ≡ z2 = y1.
Sensitivity derivatives of d2∗ (s, y1, y2) to targets calculated

according to Eqs. (11) are all zero for 2 ≤ s + y1 − 2y2. There-
fore, consistency-constraint gradient ∂d2∗/∂(s, y1, y2) vanishes at
all such targets. On the other hand, for s + y1 − 2y2 < 2, sensitivity
derivatives of d2∗ (s, y1, y2) to targets also calculated according to
Eqs. (11) are all nonzero:

∂d2∗
∂s

= 2(σ2∗ − s)

[
∂σ2∗
∂s

− 1

]
+ 2(η2∗ − y2)

∂η2∗
∂s

= −2(σ2∗ − s)

5
+ 4(η2∗ − y2)

5
= 2(s + y1 − 2y2 − 2)

5
> 0

(22a)

∂d2∗
∂z2

= ∂d2∗
∂y1

= 2(σ2∗ − s)
∂σ2∗
∂y1

+ 2(η2∗ − y2)
∂η2∗
∂y1

= −2(σ2∗ − s)

5
+ 4(η2∗ − y2)

5
= 2(s + y1 − 2y2 − 2)

5
> 0

(22b)

∂d2∗
∂y2

= 2(σ2∗ − s)
∂σ2∗
∂y2

+ 2(η2∗ − y2)

[
∂η2∗
∂y2

− 1

]

= 4(σ2∗ − s)

5
− 8(η2∗ − y2)

5
= −4(s + y1 − 2y2 − 2)

5
< 0

(22c)

Because analytic solutions of the subsystem problems are avail-
able in closed form, it is instructive to derive some specific quali-
tative insights of POSA formula Eq. (12). By POSA, we easily get
∂d1∗/∂y2 ≡ 0 because d1 has no discrepancy term explicitly involv-
ing y2. Recall the definition of d1 in Sec. IV.A. Evidently, compared
to Eq. (21b), POSA does not provide optimum sensitivity deriva-
tive ∂d1∗/∂y2 correctly when it is nonzero. Similarly, by POSA, we
again get ∂d2∗/∂y1 ≡ 0. Compared to Eq. (22b), POSA does not
provide optimum sensitivity derivative ∂d2∗/∂y1 correctly, either.
POSA provides other sensitivity derivatives correctly, such as the
end results in Eqs. (21a) and (21c) and (22a) and (22c), even though
the calculation is quite different and much simpler. Inasmuch as
it is incorrect on two components when nonzero, POSA overall is
still not adequate in providing nonvanishing analytic gradients of
subsystem optima d1∗ and d2∗.
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V. Computational Case Studies
Alexandrov and Lewis12 demonstrated numerically that CO

had serious convergence difficulty due to vanishing consistency-
constraint Jacobian when they applied NPSOL. To investigate the
convergence difficulty in a different way, we compute CO solutions
of the same problem described in Sec. IV by applying, instead of
equality constraints, penalties on minimized discrepancies and us-
ing, instead of NPSOL, DOMIN22 for system-level optimization and
CONMIN23 for each subsystem optimization. In other words, we
examine CO from different viewpoints. (DOMIN is unconstrained,
whereas CONMIN is based on usable-feasible directions; neither
depends on Lagrange multipliers or the KKT conditions.)

General theoretical results in Sec. III.A and specific analytical re-
sults in Sec. IV.B imply that 1) minimized discrepancies di∗ should
be kept from constraining to equal zero in the early part of iter-
ation to prevent their gradients from vanishing prematurely and
2) the system-level solution should be approached from outside the
system-level feasible region. These mean that the penalty-function
method is a suitable vehicle at least for investigating the convergence
difficulty.

Recently, DeMiguel and Murray11 proposed that, before applying
the penalty-function method to CO, discrepancies di be defined by
sum of absolute, instead of squared, discrepancy terms for subsys-
tem optimization. Minimized values of such absolute discrepancies
would then be totaled, without being squared first, to form a penalty
function. Accordingly, nonsmoothness and multiple local solutions
would then become new difficulties to deal with; however, bundle
methods were known to behave poorly in practice. Therefore, they
proposed such modified subsystem problems be perturbed by in-
troducing barrier, that is, interior penalty, terms and that each such
perturbed problem be solved repeatedly for a decreasing sequence
of barrier parameters until all barrier parameters finally could ap-
proach zero. The need to deal with the ill conditioning inherently
associated with barrier functions became an additional difficulty.11

In this paper, we not only choose the usual well-established
penalty-function method, still using the SSD definition of discrep-
ancies, but also explore the potential enhancements. The penalty-
function approach usually needs increasing an penalty to drive
approximate solutions close to exact solutions. In enhanced appli-
cations, we step up the penalty factor p progressively. The reported
results correspond to the last penalty factor (within a given limit)
that has caused a noticeable change in the computed solution.

As shown at the end of Sec. IV.E, POSA unfortunately was inad-
equate in providing analytic gradients of the consistency constraints
for this study problem. So that the inadequacy of POSA introduces
no additional convergence difficulty, for this investigation we decide
to use finite difference gradients in both system-level and subsystem-
level optimization, even though we prefer analytic gradients. The
system level is, thus, expected to make many calls (at additional
cost) for subsystem-level optimization just for computing the finite
difference gradients.

Computational results of gradient-based optimization are often
dependent on the starting points. We select five quite different points
for the system-level optimization to test its convergence: One is
system-level feasible but four are not. Each is rather arbitrary, al-
though each is also particular in a way according to analytical re-
sults (17) and (18). Specifically, starting point 1 (s = −3, y1 = 3,
y2 = −3) satisfies both constraints d1∗ = 0 and d2∗ = 0; starting point
2 (s = y1 = y2 = 0) satisfies only d1∗ = 0 but not d2∗ = 0; starting
point 3 (s = 1.1111, y1 = −1.1111, y2 = −2.2222) does not satisfy
d1∗ = 0 but does d2∗ = 0; starting point 4 (s = 3.3333, y1 = −2.2222,
y2 =1.1111) satisfies neither d1∗ = 0 nor d2∗ = 0; and starting point
5 (s = 1, y1 = −1, y2 = 1) also satisfies neither d1∗ = 0 nor d2∗ = 0.

Note that both consistency-constraint gradients have vanished at
point 1 and that one of them has vanished at point 2 or 3. None of
these starting points are near exact solution (s∗, y∗

1 , y∗
2 ) because in

practice we often are not so fortunate anyway. All subsystems start
from zero: σi = xi = 0, i =1, 2.

Alexandrov and Lewis12 observed the worst sort of behavior when
starting from a system-level feasible point. Starting from point 1,
NPSOL terminated at s = −2.806, y1 = 5.658, y2 = 0.301, exces-

sively far from exact solution (s∗, y∗
1 , y∗

2 ), having a large component-
wise miss of −4.442 in s, 5.355 in y1, and 0.3313 in y2. Let us
calculate the error relative to the exact solution by√

(s − s∗)2 + (
y1 − y∗

1

)2 + (
y2 − y∗

2

)2

√
s∗2 + y∗2

1 + y∗2
2

(23)

Then, the error of their solution is 418.49%. According to them,
both consistency constraints were satisfied in all iterations from
the beginning to the end. Thus, the consistency-constraint Jacobian
was identically zero for all of these iterations, and POSA would
have provided such (identically zero) gradients adequately. (They
computed sensitivity derivatives for system-level optimization via
POSA and those for subsystem-level optimization analytically.)

Starting from point 5, NPSOL was reported12 to have found the
solution with no iterations in which the consistency constraints were
satisfied. In other words, no consistency constraint gradients van-
ished, although POSA would not have provided the constraint gra-
dients adequately. (One component of each gradient provided by
POSA would vanish erroneously consistently.) This makes it rather
interesting also to try this starting point on a combination of finite
difference gradients, the penalty-function method, and different op-
timization algorithms.

We try three different CO formulations for the same predecom-
posed problem: the original plus two extremes in the subsystem
level.

A. Formulation 1
First, consider the CO formulation with subsystem problems for-

mulated by Eqs. (15) and (16).

Basic Application 1
The penalty-function method is applied in the usual manner, each

consistency constraint function di∗ being squared before summing
to form a quadratic penalty function with factor p. The system level,
thus, minimizes

y2
1 + 10y2

2 + p
(
d2

1∗ + d2
2∗
)

(24)

A heavy penalty, p = 1000, is applied immediately in a single step.
The results in Table 1 resemble what Alexandrov and Lewis ob-

tained with equality constraints per CO formulation in that the solu-
tions starting from points 1 and 5 are the worst and the best, respec-
tively, and in that the effects of vanishing consistency-constraint
gradients are very similar. Starting from point 1, with both con-
straint gradients already vanished, the result is a large miss in all
components. Two misses are smaller in magnitude (marked with a
v on the right of the numbers) than in Ref. 12, 4.310 vs 4.442 in

Table 1 Basic application 1: heavy, quadratic, variant

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1000.00
End −2.6739 2.8131 −0.7258 13.18 1000.00
Miss −4.3102v 2.5100v −0.6955ˆ
Error 302.56% Z1

Start 0.0000 0.0000 0.0000 1000.00
End 2.0315 0.4766 0.0057 0.23 1000.00
Miss 0.3951 0.1736 0.0360
Error 26.02%

Start 1.1111 −1.1111 −2.2222 1000.00
End 0.0950 0.5586 −0.5096 2.91 1000.00
Miss −1.5414 0.2556 −0.4793
Error 98.19% Z2

Start 3.3333 −2.2222 1.1111 1000.00
End 1.3336 0.4342 −0.0391 0.20 1000.00
Miss −0.3028 0.1312 −0.0088
Error 19.83% A2

Start 1.0000 −1.0000 1.0000 1000.00
End 1.9110 0.3870 −0.0344 0.16 1000.00
Miss 0.2747 0.0840 −0.0041
Error 17.26% A1
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Table 2 Basic application 2: heavy, quadratic, local

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1000.00
End 1.8404 0.3363 −0.0616 0.15 1000.00
Miss 0.2041 0.0333 −0.0313
Error 12.56% A2

Start 0.0000 0.0000 0.0000 1000.00
End 2.5740 0.7732 0.1392 0.79 1000.00
Miss 0.9376 0.4702 0.1695
Error 63.83% Z1

Start 1.1111 −1.1111 −2.2222 1000.00
End 1.8894 0.4298 0.0470 0.21 1000.00
Miss 0.2531 0.1268 0.0773
Error 17.63%

Start 3.3333 −2.2222 1.1111 1000.00
End 1.6159 0.2720 −0.0350 0.09 1000.00
Miss −0.0205 −0.0310 −0.0047
Error 2.25% A1

Start 1.0000 −1.0000 1.0000 1000.00
End 1.9338 0.4192 −0.0076 0.18 1000.00
Miss 0.2974 0.1162 0.0227
Error 19.23% Z2

s and 2.510 vs 5.355 in y1, but one is larger (marked with a caret)
0.6955 vs 0.3313 in y2. The error, also calculated by Eq. (23), is
302.56%, which is as bad as what Alexandrov and Lewis obtained
with NPSOL. It is the worst result (marked Z1) in Table 1.

On the other hand, starting from point 5, with both constraint
gradients not yet vanished, the approximate solution appears to have
been able to get fairly close to the exact. The error is 17.26%, the
best (marked A1) in Table 1. The approximate solution starting
from point 4, where neither consistency-constraint gradients has
yet vanished, is similar to that starting from point 5. It is the second
best (marked A2), with an error of 19.83%.

Basic Application 2
Each subsystem problem in basic application 1 has variants σi

and ηi placed ahead of local design variable xi in the vector of op-
timization variables. Table 2 reports the results of placing xi before
both σi and ηi .

The solution starting from point 1 is better than that in Table 1.
The error is now 12.56%, impressively smaller than 302.56%. Both
the largest and the smallest errors among the five starting points
decrease, too. The worst is 63.83%, almost five times smaller than
the worst in Table 1. A different order in the optimization variables
can make a difference. The reason is unclear. It may depend on the
specific optimization package, namely, CONMIN, used. We point
it out so that other researchers may be aware of the effect.

Enhanced Application 1
Tables 3 lists results from repeating basic application 2 but apply-

ing penalty factor p in two successive steps, initially p = 100 then
p = 1000, and using a warm start of DOMIN after the initial step.
DOMIN would take data from the previous run for initializing the
optimization. The largest error is reduced from 63.83 to 40.02%.

Enhanced Application 2
Results in Table 3 indicate that lighter initial penalty can be ben-

eficial in moving approximate solutions closer to the exact. Table 4
has results from repeating enhanced application 1 with even lighter
initial penalty and even slower increase, that is, beginning with only
p = 10 and increasing only by

√
(10) up to p ≤ 500. In addition,

discrepancies di∗ are not resquared, that is, Eq. (24) is replaced by
linear penalty

y2
1 + 10y2

2 + p(d1∗ + d2∗) (25)

(Both d1∗ and d2∗ are already nonnegative and, thus, sufficient for
forming a penalty function.24) The largest error is 29.73% and the
smallest now only 0.61%.

Table 3 Enhanced application 1: lighter, quadratic

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 100.00
End 1.6446 0.2781 −0.0069 0.08 1000.00
Error 2.12% A1

Start 0.0000 0.0000 0.0000 100.00
End 2.2760 0.4824 0.0190 0.24 100.00
Error 40.02% Z1

Start 1.1111 −1.1111 −2.2222 100.00
End 1.6311 0.1979 −0.0181 0.04 100.00
Error 6.37% A2

Start 3.3333 −2.2222 1.1111 100.00
End 1.5335 0.1801 −0.0284 0.04 100.00
Error 9.63% Z2

Start 1.0000 −1.0000 1.0000 100.00
End 1.4847 0.3365 −0.0308 0.12 1000.00
Error 9.33%

Table 4 Enhanced application 2: slow, linear

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 10.00
End 1.1560 0.3885 −0.1135 0.28 10.00
Error 29.73% Z1

Start 0.0000 0.0000 0.0000 10.00
End 1.5936 0.2913 −0.0307 0.09 10.00
Error 2.66%

Start 1.1111 −1.1111 −2.2222 10.00
End 1.4089 0.4301 −0.0684 0.23 316.23
Error 15.82% Z2

Start 3.3333 −2.2222 1.1111 10.00
End 1.6522 0.2944 −0.0686 0.13 100.00
Error 2.54% A2

Start 1.0000 −1.0000 1.0000 10.00
End 1.6348 0.3044 −0.0204 0.10 10.00
Error 0.61% A1

Table 5 Enhanced application 3: slow, linear, rooted

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 10.00
End 1.6100 0.2605 −0.0600 0.10 31.62
Error 3.50%

Start 0.0000 0.0000 0.0000 10.00
End 1.9281 0.4521 −0.0547 0.23 316.23
Error 19.74% Z1

Start 1.1111 −1.1111 −2.2222 10.00
End 1.6393 0.2966 −0.0324 0.10 316.23
Error 0.44% A1

Start 3.3333 −2.2222 1.1111 10.00
End 1.6649 0.3063 −0.0201 0.10 31.62
Error 1.83% A2

Start 1.0000 −1.0000 1.0000 10.00
End 1.5484 0.2409 −0.0526 0.09 10.00
Error 6.61% Z2

A simple explanation follows. When discrepancy di∗ is less than
1, squaring them has the effect of reducing the impact of the penalty.
For instance, when di∗ = 2, squaring it emphasizes the impact be-
cause d2

1∗ = 4 > 2. On the other hand, when di∗ = 0.2, squaring it
deemphasizes the impact because d2

1∗ = 0.04 < 0.2, reducing the ef-
fect of penalty by five times.

Enhanced Application 3
Table 5 results from continuing the same setup as enhanced ap-

plication 2 except that each subsystem minimizes, instead of di , the
square root of di (but still returns di∗ to the system level). The largest
error is further reduced to 19.74%. The 0.44% approximate solution
now looks quite like the exact.

A likely reason is subsystem optimization compares very small
objective values, considerably below 1, for termination. Suppose
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Table 6 Enhanced application 4: slow, linear, rooted, weighted

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1.00
End 1.6563 0.2921 −0.0411 0.10 2.00
Error 1.51% Z1

Start 0.0000 0.0000 0.0000 1.00
End 1.6401 0.3145 −0.0248 0.11 32.00
Error 0.80% Z2

Start 1.1111 −1.1111 −2.2222 1.00
End 1.6393 0.2964 −0.0336 0.10 16.00
Error 0.48%

Start 3.3333 −2.2222 1.1111 1.00
End 1.6383 0.2982 −0.0291 0.10 16.00
Error 0.32% A1

Start 1.0000 −1.0000 1.0000 1.00
End 1.6308 0.3081 −0.0285 0.10 32.00
Error 0.47% A2

the absolute difference between variants and targets, for example,
between ηi and yi , is 0.03. Assume for sake of argument that other
discrepancy terms are negligible. Then, di is ≈ 0.032. One crite-
rion used by CONMIN to terminate is when the absolute difference
with the previous objective is smaller than the default tolerance of
0.001. If the previous discrepancy is 1.8 × 10−3, then CONMIN
will terminate because 1.8 × 10−3 − 0.032 = 0.0009 < 0.001. Now,
suppose the objective is the square root of di instead. Then, the cur-
rent objective is now ≈ 0.03, and the difference with the previous
objective is now (1.8 × 10−3)1/2 − 0.03 = 0.012426 > 0.001. Thus,
CONMIN will not terminate yet.

Enhanced Application 4
Table 6 lists results of continuing the same setup as enhanced ap-

plication 3 except for two modifications: 1) multiplying the second
term in discrepancy d1 by 10 and that of discrepancy d2 by 100 and
2) starting the penalty with p = 1 and increasing only by
twofold until p = 32. Specifically, discrepancy d1 is modified
to weight the error in output y1: d1 = (σ1 − s)2 + 10(η1 − y1)

2.
Similarly, discrepancy d2 is to weight the error in output y2:
d2 = (σ2 − s)2 + 100(η2 − y2)

2, where an extra factor of 10 reflects
the relative importance of y2 over y1 in system-level objective Jsys.
(By the same token, the error in s receives no weight increase.) This
application is equivalent to enhanced application 3 insofar as initial
penalty on constraint d1∗ is concerned when (σ1 − s)2 is negligible
compared to (η1 − y1)

2.
The worst approximate solution has an error of only 1.51% and

the best, 0.32%!

B. Formulation 2
Next assume that each subsystem takes the least freedom in using

or producing variants of the targets. Each subsystem accepts the
shared design variable and the other subsystem’s output as they are
passed down from the system level. The only variants now are η1 of
y1 that subsystem 1 produces as output and η2 of y2 that subsystem 2
produces as output. Subsystem problems (15) and (16) now reduce
to the following.

For subsystem 1, minimize

d1 = (η1 − y1)
2 (26a)

subject to

s + x1 ≤ 1 (26b)

with η1 solved from

−2η1 + y2 = x1 (26c)

For subsystem 2, minimize

d2 = (η2 − y2)
2 (27a)

subject to

−s + x2 ≤ −2 (27b)

Table 7 Basic application, formulation 2: heavy, quadratic

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1000.00
End 1.6125 0.2501 −0.0250 0.07 1000.00
Error 3.50%

Start 0.0000 0.0000 0.0000 1000.00
End 1.6125 0.2501 −0.0250 0.07 1000.00
Error 3.50%

Start 1.1111 −1.1111 −2.2222 1000.00
End 1.6125 0.2501 −0.0250 0.07 1000.00
Error 3.50%

Start 3.3333 −2.2222 1.1111 1000.00
End 1.6125 0.2501 −0.0250 0.07 1000.00
Error 3.50%

Start 1.0000 −1.0000 1.0000 1000.00
End 1.6125 0.2501 −0.0250 0.07 1000.00
Error 3.50%

Table 8 Enhanced application, formulation 2: slow, linear

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 10.00
End 1.6366 0.3028 −0.0297 0.10 316.23
Error 0.04%

Start 0.0000 0.0000 0.0000 10.00
End 1.6366 0.3029 −0.0296 0.10 316.23
Error 0.04%

Start 1.1111 −1.1111 −2.2222 10.00
End 1.6364 0.3026 −0.0299 0.10 316.23
Error 0.04%

Start 3.3333 −2.2222 1.1111 10.00
End 1.6364 0.3027 −0.0298 0.10 316.23
Error 0.04%

Start 1.0000 −1.0000 1.0000 10.00
End 1.6366 0.3028 −0.0297 0.10 316.23
Error 0.04%

with η2 solved from

−y1 + 2η2 = x2 (27c)

Subsystem 1 has only x1 as optimization variable and subsystem 2
only x2.

Basic Application
The penalty-function method is applied as basic application 1 but

with discrepancy di∗ in Eq. (24) redefined by Eqs. (26a) and (27a).
The results are given in Table 7. All approximate solutions have an
error of 3.5%.

Enhanced Application
Results in Table 8 are from repeating enhanced application 2 with

discrepancy di∗ in Eq. (25) redefined by Eqs. (26a) and (27a). All
solutions have an error of only 0.04%.

C. Formulation 3
Finally assume that each subsystem takes the full freedom of using

or producing variants of the targets, similar to examples shown in
Ref.13. In addition to the variants in formation 1, subsystem 1 now
uses variant ζ1 of y2 for input and subsystem 2 variant ζ2 of y1

for input. Because z1 = y2 and z2 = y1, problems (15) and (16) now
expand as follows.

For subsystem 1, minimize

d1 = (σ1 − s)2 + (ζ1 − y2)
2 + (η1 − y1)

2 (28a)

subject to

σ1 + x1 ≤ 1 (28b)

with η1 solved from

−2η1 + ζ1 = x1 (28c)
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Table 9 Basic application, formulation 3: heavy, quadratic

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1000.00
End −1.4609 1.7164 −0.6647 7.36 1000.00
Error 208.06% Z1

Start 0.0000 0.0000 0.0000 1000.00
End 1.7954 −0.6482 −1.5270 23.74 1000.00
Error 106.97% Z2

Start 1.1111 −1.1111 −2.2222 1000.00
End 2.4314 0.6278 −0.0265 0.40 1000.00
Error 51.60%

Start 3.3333 −2.2222 1.1111 1000.00
End 1.7393 0.3340 0.0507 0.14 1000.00
Error 8.08% A1

Start 1.0000 −1.0000 1.0000 1000.00
End 2.0606 0.4629 −0.0301 0.22 1000.00
Error 27.24% A2

Table 10 Enhanced application, formulation 3: slow, linear

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 10.00
End 1.6740 0.3262 −0.0142 0.11 100.00
Error 2.83% A1

Start 0.0000 0.0000 0.0000 10.00
End 1.7776 0.3753 −0.0140 0.14 100.00
Error 9.58% Z1

Start 1.1111 −1.1111 −2.2222 10.00
End 1.6777 0.3307 −0.0099 0.11 31.62
Error 3.23% A2

Start 3.3333 −2.2222 1.1111 10.00
End 1.5640 0.2544 −0.0633 0.10 31.62
Error 5.60%

Start 1.0000 −1.0000 1.0000 10.00
End 1.5668 0.2381 −0.0842 0.13 100.00
Error 6.57% Z2

For subsystem 2, minimize

d2 = (σ2 − s)2 + (ζ2 − y1)
2 + (η2 − y2)

2 (29a)

subject to

−σ2 + x2 ≤ −2 (29b)

with η2 solved from

−ζ2 + 2η2 = x2 (29c)

Subsystem 1 has σ1, ζ1, and x1 as optimization variables and sub-
system 2 has σ2, ζ2, and x2.

Basic Application
The penalty-function method is applied as basic application 1 but

with discrepancy di∗ in Eq. (24) redefined by Eqs. (28a) and (29a).
The results are given in Table 9. Compared to Table 1, both largest
and smallest errors are somewhat reduced.

Enhanced Application
Results in Table 10 are from repeating enhanced application 2

with discrepancy di∗ in Eq. (25) redefined by Eqs. (28a) and (29a).
Compared to Table 4, the largest error is reduced, but the smallest
increased.

D. Discussions
Formulation 1

Table 1 shows that the approximate solution starting from point
1 is the worst, just as in Ref. 12, although it is closer to the ex-
act (solution of the predecomposed problem) than the would-be
exact solution Alexandrov and Lewis12 obtained through equality
constraints according to the CO formulation. It is possible to im-
prove the computational results when applying the penalty-function

method. Four enhanced applications can improve the approximate
solutions over those obtained from the usual application (basic ap-
plication 1 or 2). For instance, approximate solution starting from
point 1 can be improved from having an error of 302.56% to 1.51%
and that starting from point 5 from having an error of 17.26% to
0.47%. One enhanced application can improve the worst of the so-
lutions starting from different points to having error of only 1.51%
and the best to having error of only 0.32%.

Although the penalty-function method may suffer from practi-
cally the same convergence difficulty when consistency-constraint
gradients vanish, it can mitigate the difficulty by postponing or slow-
ing down their disappearance. From the penalty viewpoint, CO with
equality constraints on minimized discrepancies essentially is the
case where a too heavy penalty on the discrepancies is imposed
at the beginning of iteration and hence a lockup is enforced too
soon. Thus, one might as well tradeoff convergence difficulty in
equality-constrained optimization by using an enhanced penalty-
function method at the expense of additional computation.

We have shown that approximate solutions computed by the
penalty-function method can be reasonably close to the exact despite
possible difficulty due to the vanishing of consistency-constraint
gradients. We have achieved it, not by starting the iterative compu-
tation from nearly the exact solution, nor by searching for the right
starting point, but rather by trying enhancements on the computa-
tional method itself. In other words, we do not recommend applying
the penalty-function method to CO in the usual way as in basic ap-
plication 1 or 2; we recommend considering enhanced applications
2–4.

Light–gradual–warm penalty adjustment and weighting individ-
ual discrepancy terms make the major enhancements, but using
square roots and not resquaring each contribute significantly, too.
For comparison, Tables 11 and 12 show results of using the same
penalty adjustment and the same weighting as enhanced applica-
tion 4 but otherwise repeating enhanced applications 1 and 2, re-
spectively. Not resquaring reduces the largest error from 9.53% in

Table 11 Enhanced application 1a: slow, quadratic, weighted

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1.00
End 1.6383 0.2113 −0.0250 0.05 16.00
Error 5.52% A1

Start 0.0000 0.0000 0.0000 1.00
End 1.6646 0.1667 −0.0167 0.03 4.00
Error 8.40%

Start 1.1111 −1.1111 −2.2222 1.00
End 1.6300 0.1723 −0.0192 0.03 4.00
Error 7.89% A2

Start 3.3333 −2.2222 1.1111 1.00
End 1.5079 0.2416 −0.0552 0.09 32.00
Error 8.69% Z2

Start 1.0000 −1.0000 1.0000 1.00
End 1.5841 0.1553 −0.0050 0.02 2.00
Error 9.53% Z1

Table 12 Enhanced application 2a: slow, linear, weighted

Test s y1 y2 Jsys p

Start −3.0000 3.0000 −3.0000 1.00
End 1.6296 0.2919 −0.0440 0.10 16.00
Error 1.14% A1

Start 0.0000 0.0000 0.0000 1.00
End 1.5992 0.2605 −0.0398 0.08 2.00
Error 3.44%

Start 1.1111 −1.1111 −2.2222 1.00
End 1.6890 0.2846 0.0045 0.08 1.00
Error 3.95% Z2

Start 3.3333 −2.2222 1.1111 1.00
End 1.6092 0.2671 −0.0554 0.10 4.00
Error 3.10% A2

Start 1.0000 −1.0000 1.0000 1.00
End 1.7196 0.2023 −0.0149 0.04 1.00
Error 7.90% Z1



LIN 359

Table 11 to 7.90% in Table 12 and similarly the smallest from 5.52%
to 1.14%. Next, a comparison of Tables 12 and 6 shows that using
square roots reduces the largest error from 7.90% to 1.51% and the
smallest from 1.14% to 0.32%.

It is rather straightforward to extend these enhanced applications
to large real engineering MDO problems, although three techniques
need further development: light initial penalty, gradual increase in
penalty factor, and weighting of individual discrepancy terms. We
are still working on them and will conduct more thorough investi-
gation with more realistic CO problems later for their generaliza-
tion or adaptive combination. Computational efficiency then will be
compared to standard CO approaches. Right now they are simply
some useful tips for tailoring the general penalty-function method
for more intelligent application to CO problems.

Different Subsystem-Level Formulations
Because each subsystem discrepancy in formulation 2 consists

of a single term, weighting it differently is meaningless and taking
its square root may cause a divide-by-zero floating error when both
system and subsystem levels start from zero. For a fair comparison
among the three subsystem-level formulations, assume no different
weighting on the individual discrepancy terms and no subsystems
using square roots in discrepancy minimization. Then, compare the
three formulations with respect to results of basic application 1
(Tables 1, 7, and 9) and those of enhanced application 2 (Tables 4,
8, and 10).

Formulation 2 is the best: That is, if each subsystem restricts
its freedom to the least in disagreeing on the passed-down targets,
the approximate solution is very close to the exact. Even with a
heavy one-shot penalty (p = 1000) that has a similar effect to in-
stant lockup when the equality consistency constraints are enforced
immediately, the error is 3.5% for all starting points; with a lighter
initial penalty and a slower increase, the error is merely 0.04% for
all starting points. It is difficult to call an error of 3.5%, although
not necessarily acceptable depending on the specific accuracy re-
quirement, a convergence difficulty. On the other hand, compared
to formulation 2, taking up more freedom in disagreement as in
both formulations 1 and 3 becomes unnecessary, and the results are
worse. With the same heavy one-shot penalty as on formulation 2,
both the worst and second-worst solutions of formulations 1 and 3
have unacceptably large errors, around 100% or larger (Tables 1 and
9). With the same lighter initial penalty and same slower increase
as used in formulation 2, both the worst and second-worst solutions
of formulations 1 and 3 have much smaller errors, around 10% or
larger (Tables 4 and 10). A 10% error is much less acceptable than
a 3.5% error.

Equality Constraints
The explicit effect of equality discrepancy constraints on CO

is the vanishing of their gradients, which then cause convergence
difficulty in the system-level optimization. It is because the equality
constraints are of the SSD type. Equality discrepancy constraints of
the component type, such as σi∗ − si = 0, ζ i∗ − zi = 0, ηi∗ − yi = 0,
etc., used in the CO1 formulation also investigated by Alexandrov
and Lewis,12 do not have the same kind of vanishing effect and
convergence difficulty.

The equality constraints whose effect on a two-level formulation
of a structural design problem Thareja and Haftka examined14 are
different from those examined in this paper. They are similar to the
itemwise “interdisciplinary consistency constraints” in “distributed
analysis optimization”25 and “individual discipline feasible”26 for-
mulations and will not cause their gradients to vanish, either. Con-
sequently, Thareja and Haftka applied the penalty-function method
together with extended interior penalty, this is, barrier, functions to
a different two-level formulation from the CO.

VI. Conclusions
System-level feasible targets cannot satisfy the KKT first-order

necessary conditions because the consistency-constraint Jacobian
vanishes whenever the consistency constraints are satisfied. Uncon-
ditional failure of the consistency constraints to satisfy CQ is the

underlying cause. System-level feasible targets can only satisfy the
Fritz John first-order conditions.

A vanishing consistency-constraint Jacobian can cause diffi-
culty in the analytical derivation of CO solutions. When trying
to derive CO solutions analytically for the study example, diffi-
culty is encountered at the system level because the vanishing of
consistency-constraint Jacobian combined with satisfying the con-
sistency equality constraints implies, through the KKT conditions,
that no CO solution exists. System-level targets can approximate
the predecomposed solution but only if approaching from outside
the system-level feasible region by totally infeasible targets.

At the subsystem level, if gradients of design constraints are as-
sumed to be linearly independent for applying the KKTi conditions,
then all associated Lagrange multipliers must vanish when the tar-
gets are system-level feasible, contradicting the assumption of linear
independence.

A modification in the CO formulation that will make the KKT
conditions applicable without multiplier troubles is to require the
subsystems fit their optimization variables to their analysis equa-
tions with no constraints and to require the system level take charge
of satisfying all of the design constraints specified through uncon-
strained subsystem solutions. Such a modified CO problem and the
predecomposed problem have the same solution.

Basic application of the penalty-function method may encounter
convergence difficulty due to vanishing gradients of the consistency
constraints similar to direct application of an equality-constrained
method, but enhanced application can greatly improve the worst
and the best of the approximate solutions. Enhanced application
can mitigate the difficulty by postponing or slowing down the disap-
pearance of the consistency-constraint gradients. From the penalty
viewpoint, CO with consistency equality constraints essentially is
the case of imposing too high penalty on the discrepancies too early
and, hence, enforcing a lockup too soon. Computational results are
inevitably approximate. Even satisfying constraints is often approx-
imate. Thus, why not let consistency-constraint satisfaction be ap-
proximate or asymptotic?

Taking the least of the freedom allowable by the CO formulation
in using or producing variants of the passed-down targets has the
advantage of little difficulty in convergence.

Appendix: Direct Check of CQ by Definition
Here, we check constraint qualification (CQ) directly by defi-

nition. We cite the original definition in the present context, with
vector X representing system-level variables (s, y) and apply it to
the system-level optimization problem.

First let X0 belong to the boundary of the constraint set of points
satisfying di∗(X) = 0 for all i . For CQ,15 it is assumed for each X0 of
the constraint boundary that any vector ξ satisfying linear equations[

∂di∗
∂X

]0

ξ = 0 for all i (A1)

is tangent to an arc contained in the constraint set; in other words, to
any vector ξ satisfying Eq. (A1) there corresponds a differentiable
arc γ (t), 0 ≤ t ≤ 1, contained in the constraint set, with γ(0) = X0

and [dγ/dt]0 = kξ for some positive scalar k.
Then an application to system-level problem (19) is demonstrated.

The set of points satisfying consistency constraints (19b) is given by
all points (s, y1, y2) satisfying the domain definitions for Eqs. (17a)
and (18a), that is, satisfying

s − 2y1 + y2 − 1 ≤ 0, −s − y1 + 2y2 + 2 ≤ 0 (A2)

The boundary points are readily given by y0
1 = s − 4

3 and y0
2 = s − 5

3
for any s. Because (∂di∗/∂s, ∂di∗/∂y1, ∂di∗/∂y2) = 0 for both i = 1
and 2 at such boundary points (see Sec. IV.E), any vectorξ can satisfy
the linear equations corresponding to Eq. (A1). Take ξ= (0, 1, 2)
as one of the many possibilities. Define γ(t) = X0 + tξ, 0 ≤ t ≤ 1,
where X0 is any of the boundary points (s, y0

1 , y0
2 ). Then,

(s, y1, y2) = γ(t) = (
s + tξ1, s − 4

3 + tξ2, s − 5
3 + tξ3

)
= (

s, s − 4
3 + t, s − 5

3 + 2t
)
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It is not difficult to verify that any point (s, y1, y2) defined by γ(t)
with t > 0 cannot satisfy the second inequality in (A2). Thus, for no
positive t is arc γ(t) contained in the constraint set. Therefore, CQ
cannot be satisfied.
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